Abstract. We study the connectedness of the moduli space of gauge equivalence classes of flat G-connections on a compact orientable surface or a compact nonorientable surface for a number of semisimple compact connected Lie groups.
introduction
We know that there is an isomorphism between the moduli space of gauge equivalence classes of flat G-connections on a compact surface and the moduli space of representations from the fundamental group of the surface to G acted on by the adjoint action (cf: Goldman [G] ). It is known that if G is compact, semi-simple and simply connected, the moduli space of gauge equivalence classes of flat G-connections on a compact orientable surface is connected. (The fibers of the moment map for a compact, connected, group valued Hamiltonian space are connected provided the group is simply connected, cf: [AMM] ). Thus it is natural to ask about the connectedness of the moduli space of gauge equivalence classes of flat G-connections on a compact nonorientable surface.
From the classification of compact surfaces, we know that all nonorientable surfaces are either the connected sum of a Riemann surface with one RP 2 or the connected sum of a Riemann surface with one Klein bottle. In this paper, we study all compact surfaces. First, we will show the connectedness of the moduli space of gauge equivalence classes of flat U (n)-connections on a Riemann surface and the disconnectedness of the moduli space of gauge equivalence classes of flat SO(n)-connections on a Riemann surface (note that U (n) and SO(n) are not simply connected). Secondly, we will show the connectedness of the moduli space of gauge equivalence classes of flat G-connections on a compact nonorientable surface where G is SU (n), Sp(n), and Spin(n)( and thus when G is a product of copies of these groups). Then we will use the results in the previous section to show that the moduli space of gauge equivalence classes of flat U (n) or SO(n)-connections on the connected sum of a Riemann surface with one RP 2 has two connected components. Finally, we will show that the results for the moduli space of gauge equivalence classes of flat G-connections over the connected sum of a Riemann surface with one Klein bottle is the same as the moduli space of gauge equivalence classes of flat G-connections over the connected sum of a Riemann surface with one RP 2 provided that the genus of the Riemann surface is higher than 1. Note that a semisimple compact connected Lie group G is the quotient of a simply connected group by a finite subgroup, which means that any compact connected semisimple Lie group has a finite cover which is isomorphic to a product of a finite collection of the groups SU (n + 1), SO(2n + 1), Sp(n), SO(2n), G 2 , E 4 , E 6 , E 7 , and E 8 . (cf: section 5.8 of [BD] ). Thus, the Lie groups which we have considered here are not only some interesting examples, but in fact cover most of the compact connected semisimple Lie groups.
Proof. Let X be the subset of G 2l defined by
, where e is the identity element of G. Then the moduli space M of gauge equivalence classes of flat G-connections over Σ is X/G, where G acts on X by conjugation. The fact that X is connected implies that M is connected. By Fact 1 and Lemma 2, X = µ −1 G (e) is connected which implies that the moduli space is connected. 2 2.2. SO(n)-Connections. The case SO(1) is trivial, and the case SO(2) ∼ = U (1) was discussed in Section 2.1. We assume that n ≥ 3, so that π 1 (SO(n)) = Z/2Z. Let ρ : Spin(n) → SO(n) be the universal covering map which is also a group homomorphism. Here we view Spin(n) as a subset of the real Clifford algebra C n , as in [ABS] .
that their images under the map ρ 2l are the same which implies thatã i = ±c i ,b i = ±d i . It gives us that g =ã 1b1ã
Theorem 5. X is nonempty and has two connected components.
Proof. X being nonempty is due to Fact 1 and Lemma 4. We know that X + and X − are closed because their images under the commutator map are 1 and −1. Since ρ is a covering map, it is an open map. Thus, Y + and Y − are also closed. Now X is the union of two disjoint closed sets Y + and Y − . Thus there exist two open disjoint sets Z + , Z − such that Y ± ⊂ Z ± because SO(n) has the normal topology which implies that X is disconnected with two connected components Y + and Y − .2 Corollary 6. The moduli space of gauge equivalence classes of flat SO(n)-connections over Σ is disconnected with two connected components.
) where e and 1 are the identity elements of SO(n) and Spin(n), respectively, and SO(n) acts by conjugation. The space M 0 M 1 = M is the moduli space of gauge equivalence classes of flat SO(n)-connections over Σ. It is easy to see that if two elements in X are conjugate to each other with respect to SO(n) action, they belong to the same component Y + or Y − . Thus, the disconnectedness of Y + Y − from Theorem 5 implies the disconnectedness of M 0 M 1 , which means that M is disconnected with two connected components M 0 and M 1 . 2
Remark 7. There is an alternative proof as follows:
Let µ Spin(n) be defined as in Fact 1. Then µ Spin(n) is surjective, and µ −1 Spin(n) (g) is connected for allg ∈ Spin(n). We define µ SO(n) similarly. There is a commutative diagram
is the zero map, so there is a unique continuous mapμ SO(n) :
. , e) = 1, where e and 1 are the identity elements of SO(n) and Spin(n), respectively. More explicitly,
and defineμ
It is easy to check that the definition does not depend on the choice of (ã 1 ,b 1 , . . . ,ã l ,b l ).
We haveμ SO(n) • ρ 2l = µ Spin(n) , and µ Spin(n) is surjective, soμ SO(n) is surjective, and µ SO(n) is surjective. Moreover, given anyg ∈ Spin(n),μ −1 SO(n) (g) is connected since it is the image of the connected set µ −1 Spin(n) (g) under the continuous map ρ 2l . Thus µ −1 SO(n) (g) is disconnected with two connected componentsμ
where e and 1 are the identity elements of SO(n) and Spin(n), respectively, ρ −1 (e) = {1, −1}, and SO(n) acts by conjugation. The space M is the moduli space of gauge equivalence classes of flat SO(n)-connections over Σ. The above discussion shows thatμ
SO(n) (−1) are nonempty and connected, so M 0 and M 1 are nonempty and connected. The restriction of µ SO(n) to µ −1 SO(n) (e) descends to a continuous map h : M → {1, −1} such that h −1 (1) = M 0 and h −1 (−1) = M 1 , so M is disconnected with two connected components M 0 and M 1 .
3. Σ is the connected sum of a Riemann surface of genus l with one RP 2
In this section, Σ is a compact nonorientable surface whose topological type is the connected sum of a Riemann surface of genus l > 0 and the real projective plane.
3.1. SU (n)-Connections.
Theorem 8. The moduli space of gauge equivalence classes of flat
Proof. Let X be the subset of SU (n) 2l+1 defined by
where e is the identity element of SU (n). Then the moduli space M of gauge equivalence classes of flat SU (n)-connections over Σ is X/SU (n), where SU (n) acts on X by conjugation. We will show that X is connected, which implies that M is connected.
Let P 2l+1 : SU (n) 2l+1 → SU (n) be the projection to the last factor. The restriction of P 2l+1 to X gives a map P : X → SU (n), (a 1 , b 1 , . . . , a l , b l , c) → c. Fact 1 implies that P is surjective and P −1 (c) is connected for all c ∈ SU (n). To prove that X is connected, it suffices to show that for any c ∈ SU (n), there is a path γ : [0, 1] → X such that γ(0) ∈ P −1 (e) and γ(1) ∈ P −1 (c).
For any c ∈ SU (n), there exists g ∈ SU (n) such that
where
The two components M0 and M1 of the moduli space M of gauge equivalence classes of flat SO(n)-connections on Σ correspond to the second Stiefel-Whitney class w2 = 0 or w2 = 1 in H 2 (Σ, Z/2Z) ∼ = Z/2Z, respectively.
where φ 1 + · · · + φ n = 0. A direct computation shows that
Then φ 1 + · · · + φ n = 0, and
So (a, b, e, . . . , e, c) ∈ X.
Then the image of γ lies in X, γ(0) = (a, e, e, . . . , e, e) ∈ P −1 (e), and γ(1) = (a, b, e, . . . , e, c) ∈ P −1 (c). 2.
Remark 9. The moduli space of gauge equivalence classes of flat SU (n)-connections over a real projective plane is X/SU (n), where X = {g ∈ SU (n) | g 2 = e}, and SU (n) acts on X by conjugation. We have
which is disconnected. Here
U (n).
Theorem 10. The moduli space of gauge equivalence classes of flat U (n)-connections over Σ is disconnected with two connected components.
Proof. Let X be the subset of U (n) 2l+1 defined by
Then the moduli space of gauge equivalence classes of flat U (n)-connections over Σ is M = X/U (n), where U (n) acts on X by conjugation. Leth : X → U (1) be given by
The maph then descends to a continuous map h : M → U (1) whose image is {1, −1}. We will show thath −1 (1) andh −1 (−1) are connected, which implies that M 0 ≡ h −1 (1) and
be the projection to the last factor. The restriction of P 2l+1 to X gives a map P :
Lemma 2 implies that the image of P is A = {c ∈ U (n) | (det c) 2 = 1} and P −1 (c) is connected for any c ∈ A. SU (n) and SU (n)e ′ are the two connected components of A, where
To show thath −1 (1) (resp.h −1 (−1)) is connected, it suffices to show that for any c ∈ SU (n) (resp. SU (n)e ′ ), there is a path γ : [0, 1] →h −1 (1) (resp.h −1 (−1)) such that γ(0) ∈ P −1 (e) (resp. P −1 (e ′ )) and γ(1) ∈ P −1 (c).
For any c ∈ SU (n) (resp. SU (n)e ′ ), there exists g ∈ U (n) such that
The two components M0 and M1 of the moduli space M of gauge equivalence classes of flat U (n)-connections on Σ correspond to the first Chern class c1 = 0 and c1
Since U (n) is connected, there is a pathĝ :
Then the image of γ lies inh −1 (1) (resp.h −1 (−1)), γ(0) = (a(0), e, e, . . . , e, e) ∈ P −1 (e) (resp. γ(0) = (a(0), e, e, . . . , e, e ′ ) ∈ P −1 (e ′ )), and γ(1) = (a, b, e, . . . , e, c) ∈ P −1 (c). 2.
Remark 11. The moduli space of gauge equivalence classes of flat U (n)-connections over a real projective plane is X/U (n), where X = {g ∈ U (n) | g 2 = e}, and U (n) acts on X by conjugation. So
which has n + 1 connected components.
Sp(n)-Connections.
Theorem 12. The moduli space gauge equivalence classes of of flat Sp(n)-connections (n ≥ 1) over Σ is connected.
Proof. Let X be the subset of Sp(n) 2l+1 defined by
where e is the identity element of Sp(n). Then the moduli space of gauge equivalence classes of flat Sp(n)-connections is M = X/Sp(n), where Sp(n) acts on X by conjugation. We will show that X is connected, which implies that M is connected.
Let P 2l+1 : Sp(n) 2l+1 → Sp(n) be the projection to the last factor. The restriction of P 2l+1 to X gives a map P : X → Sp(n), (a 1 , b 1 , . . . , a l , b l , c) → c. Fact 1 implies that P is surjective and P −1 (c) is connected for all c ∈ Sp(n). To prove that X is connected, it suffices to show that for any c ∈ Sp(n), there is a path γ : [0, 1] → X such that γ(0) ∈ P −1 (e) and γ(1) ∈ P −1 (c).
For any c ∈ Sp(n), there exists g ∈ Sp(n) such that
where I is the n × n identity matrix. A direct computation shows that aca −1 c −1 = c −2 , so (a, c, e, . . . , e, c) ∈ X.
Then the image of γ lies in X, γ(0) = (a, e, e, . . . , e, e) ∈ P −1 (e), and γ(1) = (a, c, e, . . . , e, c) ∈ P −1 (c). 2.
Remark 13. The moduli space of gauge equivalence classes of flat Sp(n)-connections over a real projective plane is X/Sp(n), where X = {g ∈ Sp(n) | g 2 = e}, and Sp(n) acts on X by conjugation. So
3.4. Spin(n)-Connections. The case Spin(1) is trivial, and the case Spin(2) ∼ = U (1) was discussed in Section 3.2, so we consider n ≥ 3. We view Spin(n) as a subset of the real Clifford algebra C n , as before. The elements in C n of the form η(θ 1 , . . . , θ m ) ≡ (cos θ 1 − sin θ 1 e 1 e 2 )(cos θ 2 − sin θ 2 e 3 e 4 ) · · · (cos θ m − sin θ m e 2m−1 e 2m ) form a maximal torus in Spin(n) for n = 2m and n = 2m + 1, where {e 1 , . . . , e n } is an orthonormal basis for R n .
Proposition 14. Let X + , X − be the subsets of Spin(n) 2l+1 defined by
where 1 is the identity element of Spin(n). Then X + and X − are nonempty and connected.
Proof.
(1, . . . , 1, 1) ∈ X + , and (1, . . . , 1, e 1 e 2 ) ∈ X − , so both X + and X − are nonempty.
Let P 2l+1 : Spin(n) 2l+1 → Spin(n) be the projection to the last factor. The restriction of P 2l+1 to X ± gives two maps P ± : X ± → Spin(n), (a 1 , b 1 , . . . , a l , b l , c) → c. Fact 1 implies that P is surjective and P −1 (c) is connected for all c ∈ Spin(n). To prove that X ± is connected, it suffices to show that for any c ∈ Spin(n), there is a path
Case 1. n = 2m + 1, where m is a positive integer.
For any c ∈ Spin(2m + 1), there exists g ∈ Spin(2m + 1) such that
We define a ∈ Spin(2m + 1) by a = ge 1 e 3 · · · e 2m−3 e 2m−1 g −1 , if m is even, and a = ge 1 e 3 · · · e 2m−1 e 2m+1 g −1 , if m is odd.
Let c + = c, and
A direct computation shows that ac ± a −1 = c −1
Then the image of γ ± lies in X ± , and
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γ ± (1) = (a, c ± , 1, . . . , 1, c) ∈ P −1 ± (c). Case 2. n = 4m, where m is a positive integer.
For any c ∈ Spin(4m), there exists g ∈ Spin(4m) such that
We define a ∈ Spin(4m) by a = ge 1 e 3 · · · e 4m−3 e 4m−1 g −1 .
Case 3. n = 4m + 2, where m is a positive integer.
For any c ∈ Spin(4m + 2), there exists g ∈ Spin(4m + 2) such that
We define a, b + , b − ∈ Spin(4m + 2) by a = g e 1 − e 3 √ 2 e 1 e 2 − e 4 √ 2 e 5 e 7 · · · e 4m+1 g −1 ,
A direct computation shows that
Let
It might be easier to check the identity
by considering the images of a, b ± (t), c(t) under the homomorphism ρ : Spin(n) → SO(n). Recall that ρ is the restriction of the double coverρ : P in(n) → O(n) which is also a group homomorphism. Let v be a unit vector of R n , which can be viewed as an element in P in(n). Thenρ(v) ∈ O(n) is the reflection in the hyperplane orthogonal to v (see e.g. [BD, Chapter I, Lemma (6.4)]). Letḡ = ρ(g), and
Direct computations (which are probably easier) show that
and ab
Corollary 15. The moduli space of gauge equivalence classes of flat Spin(n)-connections (n ≥ 3) over Σ is connected.
Proof. The moduli space of gauge equivalence classes of flat Spin(n)-connections over Σ can be identified with X + /Spin(n), where X + is defined as in Proposition 14, and Spin(n) acts on X + by conjugation. By Proposition 14, X + is connected, so X + /Spin(n) is connected. 2
Remark 16. The moduli space of gauge equivalence classes of flat Spin(n)-connections over a real projective plane is X/Spin(n), where X = {g ∈ Spin(n) | g 2 = 1}, and Spin(n) acts on X by conjugation. We have
which is disconnected.
SO(n)-Connections.
The case SO (1) is trivial, and the case SO(2) = U (1) was discussed in Section 3.2, so we consider n ≥ 3.
Let ρ : Spin(n) → SO(n) be the universal covering map. Denote
where X ± are defined as in Proposition 14.
Theorem 17. The moduli space of gauge equivalence classes of flat SO(n)-connections (n ≥ 3) over Σ is disconnected with two connected components.
Proof. The moduli space M is X/SO(n) where SO(n) acts on by conjugation. As in the proof of Lemma 4, ρ being a group homomorphism and Kerρ | Spin(n) = {1, −1} give us that X = Y + Y − and Y + Y − = ∅. The space Y + (resp.Y − ) being connected is due to Proposition 14 that X + (resp.X − ) is connected. The spaces X + and X − are closed because their images under the commutator map is 1 and −1. Since ρ is a covering map, it is an open map. Thus, Y + , Y − are also closed. Now X is the union of two disjoint closed sets Y + and Y − , which implies that there exist two open disjoint sets Z + , Z − such that Y ± ⊂ Z ± because SO(n) has the normal topology. Thus X has two connected components Y + and Y − . It is easy to see that if two elements in X are conjugate to each other, they belong to the same component Y + or Y − because ρ is a group homomorphism. Thus M is disconnected with two connected component Y + /SO(n) and Y − /SO(n). 2
Remark 18. There is an alternative proof as follows:
Let ρ : Spin(n) → SO(n) be the universal covering map. Define h Spin(n) :
and define h SO(n) : SO(n) 2l+1 → SO(n) similarly. There is a commutative diagram
is the zero map, so there is a unique continuous maph SO(n) :
and defineh
It is easy to check that the definition does not depend on the choice of (ã 1 ,b 1 , . . . ,ã l ,b l ,c).
We have X ± = h −1 Spin(n) (±1), where X ± are defined as in Proposition 14. The spaces X ± are nonempty and connected, so their images Y ± =h −1 SO(n) (±1) under the continuous map ρ 2l+1 are also nonempty and connected. Let
where SO(n) acts by conjugation. Then M 0 and M 1 are nonempty and connected. Let Y = h −1 SO(n) (e). Then Y + and Y − are the two connected components of Y , and M = Y /SO(n) is the moduli spaces of gauge equivalence classes of flat SO(n)-connections over Σ. The restriction ofh SO(n) to Y descends to a continuous map h : M → Spin(n) such that h(M) = {1, −1}, h −1 (1) = M 0 , and h −1 (−1) = M 1 , so M is disconnected with two connected components M 0 and M 1 .
Remark 19. The moduli space of gauge equivalence classes of flat SO(n)-connections over a real projective plane is X/SO(n), where X = {g ∈ SO(n) | g 2 = e}, and SO(n) acts on X by conjugation. We have
Σ is the connected sum of a Riemann surface of genus l with a Klein bottle
In this section, Σ is a compact nonorientable surface whose topological type is the connected sum of a Riemann surface of genus l ≥ 2 and a Klein bottle.
SU (n)-Connections.
Theorem 20. The moduli space of gauge equivalence classes of flat SU (n)-connections (n ≥ 2) over Σ is connected.
Proof. Let X be the subset of SU (n) 2l+2 defined by
Let P ′ : SU (n) 2l+2 → SU (n) 2 be the projection to the last two factors. The restriction of P ′ to X gives a map P : c 2 ) . Fact 1 implies that P is surjective and P −1 (c 1 , c 2 ) is connected for all (c 1 , c 2 ) ∈ SU (n) 2 . To prove that X is connected, it suffices to show that for any (c 1 , c 2 ) ∈ SU (n) 2 , there is a path γ : [0, 1] → X such that γ(0) ∈ P −1 (e, e) and γ(1) ∈ P −1 (c 1 , c 2 ).
For any (c 1 , c 2 ) ∈ SU (n) 2 , there exist g 1 , g 2 ∈ SU (n) such that b 2 , a 1 , b 1 , e, . . . , e, c 1 , c 2 ) ∈ X. (a 2 , b 2 (t), a 1 , b 1 (t), e, . . . , e, c 1 (t), c 2 (t)), where
for j = 1, 2. Then the image of γ lies in X, γ(0) = (a 2 , e, a 1 , e, e, . . . , e, e, e) ∈ P −1 (e, e),
Theorem 21. The moduli space of gauge equivalence classes of flat U (n)-connections over Σ is disconnected with two connected components.
Proof. Let X be the subset of U (n) 2l+2 defined by
The maph then descends to a continuous map h : M → U (1) whose image is {1, −1}. We will show thath −1 (1) andh −1 (−1) are connected, which implies that M 0 ≡ h −1 (1) and M 1 ≡ h −1 (−1) are connected.
Let P ′ : U (n) 2l+2 → U (n) 2 be the projection to the last two factors. The restriction of P ′ to X gives a map P :
Lemma 2 implies that the image of P is
and P −1 (c 1 , c 2 ) is connected for any (c 1 , c 2 ) ∈ A. The space A is the disjoint union of A + and A − , where
The two components M0 and M1 of the moduli space M of gauge equivalence classes of flat U (n)-connections on Σ c orrespond to the first Chern class c1 = 0 and c1 = 1 in H 2 (Σ, Z) ∼ = Z/2Z, respectively.
To show thath −1 (1) (resp.h −1 (−1)) is connected, it suffices to show that for any (c 1 , c 2 ) ∈ A + (resp. A − ), there is a path γ : [0, 1] →h −1 (1) (resp.h −1 (−1)) such that γ(0) ∈ P −1 (e, e) (resp. P −1 (e, e ′ )) and γ(1) ∈ P −1 (c 1 , c 2 ), where
where det c 1 = e inθ , and
Since U (n) is connected, there exist pathsĝ j : [0, 1] → U (n) such thatĝ j (0) = e,ĝ j (1) = g j , where j = 1, 2. Define γ : [0, 1] → U (n) 2l+2 by γ(t) = (a 2 (t), b 2 (t), a 1 (t), b 1 (t), e, . . . , e, c 1 (t), c 2 (t)), where
Then the image of γ lies inh −1 (1) (resp.h −1 (−1)), and γ(0) = (a 2 (0), e, a 1 (0), e, . . . , e, e, e) ∈ P −1 (e, e) (resp. γ(0) = (a 2 (0), e, a 1 (0), e, . . . , e, e, e ′ ) ∈ P −1 (e, e ′ ) ), γ(1) = (a 2 , b 2 , a 1 , b 1 , e, . . . , e, c 1 , c 2 ) ∈ P −1 (c 1 , c 2 ).2 4.3. Sp(n)-Connections.
Theorem 22. The moduli space of gauge equivalence classes of flat
Proof. Let X be the subset of Sp(n) 2l+2 defined by
Let P ′ : Sp(n) 2l+2 → Sp(n) 2 be the projection to the last two factors. The restriction of P ′ to X gives a map P : X → Sp(n) 2 , (a 1 , b 1 , . . . , a l , b l , c 1 , c 2 ) → (c 1 , c 2 ). Fact 1 implies that P is surjective and P −1 (c 1 , c 2 ) is connected for all (c 1 , c 2 ) ∈ Sp(n) 2 . To prove that X is connected, it suffices to show that for any (c 1 , c 2 ) ∈ Sp(n) 2 , there is a path γ : [0, 1] → X such that γ(0) ∈ P −1 (e, e) and γ(1) ∈ P −1 (c 1 , c 2 ).
For any (c 1 , c 2 ) ∈ Sp(n) 2 , there exist g 1 , g 2 ∈ Sp(n) such that
For j = 1, 2, let
where I is the n × n identity matrix. A direct computation shows that a j c j a
j , so (a 2 , c 2 , a 1 , c 1 , e, . . . , e, c 1 , c 2 ) ∈ X.
Then the image of γ lies in X, γ(0) = (a 2 , e, a 1 , e, e, . . . , e, e, e) ∈ P −1 (e, e), and γ(1) = (a 2 , c 2 , a 1 , c 1 , e, . . . , e, c 1 , c 2 ) ∈ P −1 (c 1 , c 2 ). 2 4.4. Spin(n)-Connections. The case Spin (1) is trivial, and the case Spin(2) ∼ = U (1) was discussed in Section 4.2, so we consider n ≥ 3. We view Spin(n) as a subset of the real Clifford algebra C n , as before. The elements in C n of the form η(θ 1 , . . . , θ m ) ≡ (cos θ 1 − sin θ 1 e 1 e 2 )(cos θ 2 − sin θ 2 e 3 e 4 ) · · · (cos θ m − sin θ m e 2m−1 e 2m ) form a maximal torus in Spin(n) for n = 2m and n = 2m + 1, where {e 1 , . . . , e n } is an orthonormal basis for R n .
Proposition 23. Let X + , X − be the subsets of Spin(n) 2l+2 defined by
Proof. (1, . . . , 1, 1) ∈ X + , and (1, . . . , 1, e 1 e 2 ) ∈ X − , so both X + and X − are nonempty.
Let P ′ : Spin(n) 2l+2 → Spin(n) 2 be the projection to the last two factors. The restriction of P ′ to X ± gives two maps P ± : X ± → Spin(n) 2 , (a 1 , b 1 , . . . , a l , b l , c 1 , c 2 ) → (c 1 , c 2 ). Fact 1 implies that P ± is surjective and P −1 ± (c 1 , c 2 ) is connected for all (c 1 , c 2 ) ∈ Spin(n) 2 . To prove that X ± is connected, it suffices to show that for any (c 1 , c 2 ) ∈ Spin(n) 2 , there is a path γ ± : [0, 1] → X ± such that γ ± (0) ∈ P −1 ± (1, 1) and γ ± (1) ∈ P −1 ± (c 1 , c 2 ). Case 1. n = 2m + 1, where m is a positive integer.
For any (c 1 , c 2 ) ∈ Spin(2m + 1) 2 , there exist g 1 , g 2 ∈ Spin(2m + 1) such that
where j = 1, 2. We define a 1 , a 2 ∈ Spin(2m + 1) by
if m is even, and
if m is odd.
Let c 1+ = c 1 , and
2 . Then the image of γ ± lies in X ± , (a 2 , 1, a 1 , 1, 1, . . . , 1, 1, 1) ∈ P −1 + (1, 1), 1) , and
Then the image of γ ± lies in X ± ,
γ − (0) = (a 2 , 1, a 1 , g 1 e 4m+1 e 4m+2 g Proof. The moduli space of gauge equivalence classes of flat Spin(n)-connections over Σ can be identified with X + /Spin(n), where X + is defined as in Proposition 23, and Spin(n) acts on X + by conjugation. By Proposition 23, X + is connected, so X + /Spin(n) is connected. 2 4.5. SO(n)-Connections. The case SO(1) is trivial, and the case SO(2) ∼ = U (1) was discussed in Section 4.2, so we consider n ≥ 3.
Let ρ : Spin(n) → SO(n) be the universal covering map. Denote Note that π 1 (SO(n) 2l+2 ) ∼ = π 1 (SO(n)) 2l+2 ∼ = (Z/2Z) 2l+2 . It is not hard to see that h SO(n) * : π 1 (SO(n) 2l+2 ) ∼ = (Z/2Z) 2l+2 → π 1 (SO(n)) ∼ = Z/2Z
is the zero map, so there is a unique continuous maph SO(n) : SO(n) 2l+2 → Spin(n) such that ρ •h SO(n) = h SO(n) ,h SO(n) (e, . . . , e) = 1, where e and 1 are the identity elements of SO(n) and Spin(n), respectively. More explicitly, given (a 1 , b 1 , . . . , a l , b l , c 1 , c 2 ) ∈ SO(n) 2l+2 , choose any (ã 1 ,b 1 , . . . ,ã l ,b l ,c 1 ,c 2 ) ∈ (ρ 2l+2 ) −1 (a 1 , b 1 , . . . , a l , b l , c 1 , c 2 ), and defineh SO(n) (a 1 , b 1 , . . . , a l , b l , c 1 , c 2 ) = h Spin(n) (ã 1 ,b 1 , . . . ,ã l ,b l ,c 1 ,c l ).
It is easy to check that the definition does not depend on the choice of (ã 1 ,b 1 , . . . ,ã l ,b l ,c 1 ,c 2 ).
